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CONFORMALLY QUASI-RECURRENT
PSEUDO-RIEMANNIAN MANIFOLDS
CARLO ALBERTO MANTICA AND LUCA GUIDO MOLINARI
Abstract. Conformally quasi-recurrent (CQR)n pseudo-Riemannian mani-
folds are investigated, and several new results are obtained. It is shown that
the Ricci tensor and the gradient of the fundamental vector are Weyl compat-
ible tensors (the notion was introduced recently by the authors and applies
to significative space-times), (CQR)n manifolds with concircular fundamental
vector are quasi-Einstein. For 4-dimensional (CQR)4 Lorentzian manifolds the
fundamental vector is null and unique up to a scaling, it is an eigenvector of
the Ricci tensor, and its integral curves are geodesics. Such space-times are
Petrov type-N with respect to the fundamental null vector.
1. Introduction
Recurrent manifolds were investigated by many geometers: Walker [43] studied
manifolds with recurrent Riemann curvature, Adati and Miyazawa [1] studied con-
formally recurrent ones. Mc Lenaghan and Leroy [34] and then Mc Lenaghan and
Thompson [35] investigated space-times with complex recurrent conformal curva-
ture tensor; they showed that the manifolds are Petrov type D and N and obtained
the metric form for the case of real fundamental vector. Other results are found in
[23], [24] and [43]. Prvanovic introduced the notion of ”quasi-recurrence” [39][40]:
Definition 1.1. A n-dimensional pseudo-Riemannian manifold is conformally quasi
recurrent, (CQR)n, if it is not conformally flat, and there is a non-zero vector field
Ai (the fundamental vector) such that the recurrence condition holds:
(1) ∇iCjklm = 2AiCjklm +AjCiklm +AkCjilm +AlCjkim +AmCjkli.
Cjklm is the Weyl, or conformal, curvature tensor:
Cjklm = Rjklm +
1
n− 2
(gm[jRk]l +Rm[jgk]l)−
R
(n− 1)(n− 2)
gm[jgk]l(2)
Rkl = −Rmkl
m is the Ricci tensor and R = Rmm is the curvature scalar.
The Bianchi identity for the Weyl tensor and the recurrence condition give two
simple properties [39]:
AmCjkl
m = 0,(3)
∇mCjkl
m = 0.(4)
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The contraction of (1) with Cjklm gives ∇iC
2 = 4AiC
2 i.e. the fundamental vector
Ai is exact if C
2 = CjklmC
jklm is non-zero [5]:
Ai =
1
2∇i log |C|.(5)
The recurrence condition (1) arises naturally in the study of conformal transfor-
mations of the metric [5]: gˆkl = e
2σgkl. They leave the Weyl tensor (3,1) un-
changed, Cˆjkl
m = Cjkl
m, while the Christoffel symbols transform according to:
Γˆmij = Γ
m
ij + δ
m
iAj + δ
m
jAi− gijA
m, where Ai = ∇iσ. The covariant derivative ∇ˆi
of Cˆjklm = e
2σCjklm gives the identity:
∇ˆiCˆjklm −A
p
[
gijCˆpklm + gikCˆjplm + gilCˆjkpm + gimCˆjklp
]
(6)
= e2σ [∇iCjklm − 2AiCjklm −AjCiklm −AkCjilm −AlCjkim −AmCjkli] .
If the left-hand-side is zero, the recurrence condition (1) is precisely obtained. The
conformal transformation of the metric gˆij = |C|gij maps the recurrence condition
to ∇iCˆjklm = 0. This fact was exploited in [39] (page 203) and [5] (example 2) to
construct explicit CQR metrics.
Manifolds with the condition (1) were named pseudo conformally symmetric,
(PCS)n, by De and Biswas [7]. De and Mazumdar [8] proved the following: if a
(PCS)n manifold admits a conformal motion, i.e. there are a vector field ξj and
a scalar field σ such that ∇iξj + ∇jξi = 2σgij ([42] page 564), then it is either
conformally flat or ∇jσ is a null vector. In particular, a (PCS)4 space-time with
proper conformal motion is type N or O.
In this paper we present several new results for (CQR)n manifolds. In Section
2, we prove that the Ricci tensor and the tensor ∇iAj of (CQR)n manifolds are
Weyl compatible. The notion of Weyl compatibility was recently introduced by us
in [27], [29] and [30] and is a property of several space-times of interest in physics
[19][20]. We obtain analogous recurrence properties for the tensors CijabC
ijcd and
CijkaC
ijkb; in particular we show that the latter can be rescaled to a Codazzi ten-
sor.
In Section 3 we prove that (CQR)n manifolds with concircular fundamental vector
are quasi-Einstein, and are Ricci pseudo-symmetric in the sense of Deszcz.
In Section 4 we investigate a collateral class of pseudo-Riemannian manifolds,
AiCjklm+AjCkilm+AkCijlm = 0, and show that all Pontryagin forms vanish. The
result is useful for the discussion in Section 5, devoted to 4-dimensional (CQR)4
Lorentzian manifolds (space-times). We prove that the fundamental vector A is
null and unique up to a scaling, it is an eigenvector of the Ricci tensor, and its
integral curves are geodesics. Finally we show that such space-times are Petrov
type-N with respect to A.
Hereafter, the manifolds are Hausdorff, connected, of dimension n ≥ 3, with a
Levi-Civita connection (∇jgkl = 0), and non-degenerate metric of arbitrary sig-
nature (pseudo-Riemannian manifolds. For Lorentzian manifolds the signature is
2).
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2. (CQR)n manifolds: general properties
The property ∇mCjkl
m = 0 has an interesting consequence. In [26] and [29] we
proved a differential identity that extends an identity by Lovelock for the Riemann
tensor to curvature tensors; for the Weyl tensor it is:
Lemma 2.1. In a pseudo-Riemannian manifold:
∇i∇mCjkl
m +∇j∇mCkil
m +∇k∇mCijl
m(7)
= −
n− 3
n− 2
(RimRjkl
m +RjmRkil
m +RkmRijl
m).
By eq.(4) the left-hand-side is zero, and a result that was first proven in [39] is
here obtained straightforwardly:
Proposition 2.2. In a (CQR)n pseudo-Riemannian manifold, the Ricci tensor is
Riemann compatible:
(8) RimRjkl
m +RjmRkil
m +RkmRijl
m = 0.
Remark 2.3. The property of compatibility was introduced in [27] and investigated
in detail in [29] and [30]; in the latter it is proven that a Riemann compatible tensor
is Weyl compatible. Then eq.(8) implies:
(9) RimCjkl
m +RjmCkil
m +RkmCijl
m = 0.
It has been shown recently that several important 4-dimensional space-times (as
Robertson-Walker, or Go¨del metrics) have the property that the Ricci tensor is
Weyl-compatible [19][20]. This also occurs in certain differential structures for the
tensor Zij = Rij + ϕgij, that are investigated in [28][31][32][33].
If the manifold has a matter content, the stress-energy tensor Tkl is linked to the
Ricci tensor by Einstein’s equation [10][41]: Rkl −
1
2Rgkl = GTkl. Therefore, eq.s
(8) and (9) imply that in (CQR)n manifolds the stress-energy tensor is Riemann
and Weyl compatible.
The following statements are about the fundamental vector Ai and its gradient:
Proposition 2.4. In a (CQR)n manifold, with fundamental vector Ai,
(∇iA
m)Cjklm + (A
mAm)Cjkli = 0;(10)
(∇iCjklm)(∇
iCjklm) = 8(AiA
i)(CjklmC
jklm);(11)
the tensor ∇iAm is Weyl compatible:
(12) (∇iAm)Cjkl
m + (∇jAm)Ckil
m + (∇kAm)Cijl
m = 0.
Proof. The first identity was obtained in [39] and reobtained in [5]. The second one
is proven by squaring (1); several terms vanish because of (3). Finally, write three
versions of eq.(10) with indices ijk cyclically permuted and sum up, a cancellation
occurs by the Bianchi identity of the Weyl tensor. 
We now obtain some results for the tensor Θpqrs = CpqlmCrs
lm, and its con-
tractions Γpr = CpqlmCr
qlm and Γkk = C
2. Besides the general symmetries
Θpqrs = −Θqprs = −Θpqsr = Θrspq and Γpq = Γqp, it is: A
pΘpqrs = 0 and
ApΓpr = 0. The recurrence property (1) of the Weyl tensor gives:
∇iΘpqrs = 4AiΘpqrs +ApΘiqrs +AqΘpirs +ArΘpqis +AsΘpqri.(13)
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and the contracted ones:
∇sΘpqr
s = AqΓpr −ApΓqr(14)
∇iΓpr = 4AiΓpr +ApΓir +ArΓip.(15)
Proposition 2.5. If Γqq 6= 0 then |Γ|
−3/4Γpq is a Codazzi tensor.
Proof. From (15) it follows that
∇jΓkl −∇kΓjl = 3AjΓkl − 3AkΓjl(16)
Since Ai =
1
4∇i log |Γ|, it is ∇i(|Γ|
−3/4Γjq) = ∇j(|Γ|
−3/4Γiq). 
In [27] we proved that Codazzi tensors are Riemann compatible. Since the com-
patibility relation is algebraic, the normalization factor is irrelevant and it follows
that Γij is Riemann and Weyl compatible, and it commutes with the Ricci tensor
[29].
Eqs.(14) and (16) give an identity analogous to the contracted second Bianchi
identity of the Riemann tensor:
∇mΘjkl
m =
1
3
(∇kΓjl −∇jΓkl).
Another covariant derivative ∇i and summation on cyclic permutations of the in-
dices ijk produces the property (C2 6= 0):
∇i∇mΘjkl
m +∇j∇mΘkil
m +∇k∇mΘijl
m = 0(17)
because Γij is Riemann compatible. Contraction with g
il gives ∇l∇mΘjk
lm = 0,
as it always occurs for the Riemann tensor.
3. (CQR)n with concircular fundamental vector
A connection of (CQR)n manifolds with pseudo-symmetric manifolds of Deszcz-
type is shown, if the fundamental vector is concircular. We refer to the following
definition (more general ones are possible):
Definition 3.1. A vector field V is concircular if ∇sVi = VsVi + γ gsi, where γ is
a scalar field.
Proposition 3.2. In a (CQR)n manifold, if the fundamental vector is concircular,
then: γ = −AmA
m and γ is constant.
Proof. If A is concircular, it is (∇sA
m)Cjklm = AsA
mCjklm+γCjkls; the properties
(10) and (3) imply AmAm = −γ. Finally ∇iγ = −2Am∇iA
m = −2Am(AiA
m +
γδi
m) = 0, i.e. γ is a constant. Let us also note that ∇sA
s = (n− 1)γ. 
We begin with the case γ 6= 0. The derivative of the concircularity condition
and the Ricci identity give the integrability condition AmRjkl
m = γ(Akgjl−Ajgkl),
then AmRj
m = (n− 1)γAj . If this relation is used in the expression for the Weyl
tensor (2), bearing in mind that AmCjklm = 0, we obtain:
Rkl =
AkAl
AmAm
(
nγ −
R
n− 1
)
+ gkl
(
R
n− 1
− γ
)
.(18)
Proposition 3.3. A (CQR)n with non-null concircular fundamental vector is
quasi-Einstein.
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Quasi-Einstein Riemannian manifolds were investigated by Chaki and Maity [6];
quasi-Einstein pseudo-Riemannian ones occur in the study of exact solutions of the
Einstein equation, and in the study of quasi-umbilical surfaces in semi-Euclidean
spaces [17].
The case γ = 0 is now considered; it always occurs in n = 4. Multiplication
by Am of (2) and use of the relation AmRjkl
m = 0, that implies AmRj
m = 0 and
AmCjkl
m = 0, give:
Ak
[
gjl
R
n− 1
−Rjl
]
= Aj
[
gkl
R
n− 1
−Rkl
]
.(19)
Theorem 3.4. In a (CQR)n, n ≥ 4, if the fundamental vector is such that AiA
i =
0 and ∇iAj = AiAj, then the scalar curvature is zero, and the Ricci tensor is a
Codazzi tensor, with rank not greater than 1.
Proof. Multiplication of (19) by Aj gives R = 0. This means that 0 = ∇mCjkl
m =
∇mRjkl
m. Then ∇mRij = ∇iRmj (the Ricci tensor is a Codazzi tensor).
As R = 0 it is: AkRjl = AjRkl. Let θ
iAi = 1 then Rkl = Alθ
jRjk and, by symme-
try, Alθ
jRjk = Akθ
jRjl then θ
jRkj = Ak(θ
jθlRjl) and Rkl = AkAl(θ
jθmRjm) i.e.
the Ricci tensor has rank one (if non-zero). 
For a (CQR)n the commutator of two covariant derivatives of the Weyl tensor is
(∇i∇s −∇s∇i)Cjklm
= 2 (∇sAi −∇iAs)Cjklm + (∇sAj −AsAj)Ciklm + (∇sAk −AsAk)Cjilm
+(∇sAl −AsAl)Cjkim + (∇sAm −AsAm)Cjkli − (∇iAj −AiAj)Csklm
−(∇iAk −AiAk)Cjslm − (∇iAl −AiAl)Cjksm − (∇iAm −AiAm)Cjkls.
If the fundamental vector is concircular the commutator becomes the condition for
the manifold to be Weyl-pseudo-symmetric according to Deszcz [14]:
(∇i∇s −∇s∇i)Cjklm = γ [gsjCiklm − gijCsklm + gskCjilm − gikCjslm(20)
+ glsCjkim − gliCjksm + gmsCjkli − gmiCjkls].
In the same paper it is proven that for n ≥ 5 the Weyl tensor in (20) can be replaced
with the Riemann tensor, i.e. the manifold is also (Riemann) pseudo-symmetric
according to Deszcz [13]. Finally, a contraction gives:
(∇i∇s −∇s∇i)Rkl = γ [gskRil − gikRsl + glsRki − gliRsk] ,
i.e. the manifold is Ricci-pseudo-symmetric according to Deszcz [15].
In analogy to this, the evaluation of
(∇s∇i −∇i∇s)Γpr =4 (∇sAi −∇iAs)Γpr + (∇sAp −ApAs)Γri + (∇sAr −AsAr)Γip
− (∇iAp −AiAp)Γrs − (∇iAr −AiAr)Γsp
simplifies if the fundamental vector is concircular, and the Gamma tensor gains a
Deszcz-type recurrent symmetry
(∇s∇i −∇i∇s)Γpr = γ [gisΓpr + gspΓri + gsrΓip − gipΓrs − girΓsp]
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4. A related class of manifolds
We turn for a while to another class of manifolds that have been investigated
in the geometric literature (see for example [9][18][16]): n-dimensional pseudo-
Riemannian manifolds with a vector field Ai such that
(21) AiCjklm +AjCkilm +AkCijlm = 0.
The results that are obtained will be useful in the study of (CQR)4 manifolds.
The condition allows an explicit representation of the Weyl tensor, first obtained
in [9]. We prove it for completeness, and add the new result of Weyl compatibility:
Proposition 4.1. In a non-conformally flat pseudo-Riemannian manifold, if (21)
holds, then: 1) AiA
i = 0, 2) there is a symmetric tensor Ekl such that:
Cjklm = AjAmEkl −AjAlEmk −AkAmEjl +AkAlEjm(22)
3) the tensor Ekl is Weyl compatible:
EmiCjklm + E
m
jCkilm + E
m
kCijlm = 0.(23)
Proof. 1) By contracting (21) with gim one obtains AmCjklm = 0; contraction of
(21) with Ai gives (AiAi)Cjklm = 0, which implies A
iAi = 0.
2) Let Bi be a unit (or null) vector such that BiAi = 1. A first contraction of
(21) with Bi gives Cjklm = AjB
iCiklm −AkB
iCijlm (*); another contraction gives
BmCmkj = AjEkl − AkEjl, with Ekl = Elk = B
iBmCiklm. Inserting this back in
equation (*) gives the result.
3) The representation (22) gives Emi Cjklm = AkAlE
m
iEjm − AjAlE
m
iEmk. The
sum of three versions of it with indices ijk cyclically permuted gives (23). 
Note the properties Ekk = 0, A
kEkl = 0, B
kEkl = 0. If B
k is space-like or
time-like, Ekl is the electric part of the Weyl tensor [4].
Proposition 4.2. In a n-dimensional non-conformally flat pseudo-Riemannian
manifold, if (21) holds, then:
1) Clmj
kCpqk
j = 0,
2) Clma
bCpqb
cCrsc
dCtud
a = 0.
Proof. Contraction of (21) with Ckjpq and the relation AmCjkl
m = 0 give AiCjklm
Ckjpq = 0, from which 1) follows. The next statement and higher order ones are
proven analogously. 
The proposition is relevant in the study of Pontryagin forms. Given orthonor-
mal tangent vectors Xr, Pontryagin forms pk are antisymmetric combinations
pk(X1...X4k) =
∑
P (−1)
Pωk(Xi1 ...Xi4k) of forms ωk (see [11] [12] [29] [36] [38]):
ω1(X1 . . . X4) = Rija
bRklb
a(X i1 ∧X
j
2)(X
k
3 ∧X
l
4),
ω2(X1 . . . X8) = Rija
bRklb
cRmnc
dRpqd
a(X i1 ∧X
j
2) . . . (X
p
7 ∧X
q
8 ), etc.
It was shown by Avez [2] (see also [11]) that forms are unchanged if Riemann’s
tensor is replaced by Weyl’s tensor, for example:
ω1(X1....X4) = Cija
bCklb
a(X i1 ∧X
j
2)(X
k
3 ∧X
l
4).
Proposition 4.3. In a pseudo-Riemannian manifold of type (21), all Pontryagin
forms vanish.
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Proof. By prop.4.1 it is Clmj
kCpqk
j = 0, then ω1 = 0 and p1 = 0. Moreover, by the
same proposition it is Clma
bCpqb
cCrsc
dCatud = 0, then ω2 = 0 and p2 = 0. A trick
analogous to that used in 4) of prop.4.1 shows that all Pontryagin forms vanish. 
Remark 4.4. For a compact orientable 4-dimensional pseudo-Riemannian mani-
fold M , the vanishing of the first Pontryagin form p1 has a topological significance.
According to Hirzebruch’s theorem ([22], [38] pp 229-230), the Hirzebruch signature
is the integral of the first Pontryagin form; Gauss-Bonnet’ theorem relates Euler’s
topological index to a quadratic scalar of the curvature tensor [37]:
τ(M ) =
1
3
∫
M
p1, χ(M ) =
3
pi2
∫
M
(R2 − 4RjikR
jk +RjklmR
jklm)
The two topological invariants coincide: τ = χ mod.2 ([36] page 465).
For (CQR)n manifolds the additional condition (21) has been investigated, and
makes them conformally recurrent [5][40]:
(24) ∇iCjklm = 4AiCjklm.
5. (CQR)4 Lorentzian manifolds
We show that (CQR)4 Lorentzian manifolds have the property (21). Then,
besides being conformally harmonic (4), they are also conformally recurrent (24),
and various geometric consequences follow.
Let us quote the useful general lemma:
Lemma 5.1. (see [25] page 128)
The Weyl tensor of a n = 4 pseudo-Riemannian manifold satisfies the identity:
δirC
jk
st + δ
i
tC
jk
rs + δ
i
sC
jk
tr + δ
k
rC
ij
st + δ
k
t C
ij
rs
+δksC
ij
tr + δ
j
rC
ki
st + δ
j
tC
ki
rs + δ
j
sC
ki
tr = 0(25)
In particular, in a (CQR)4 manifold, on multiplying the equation by Aj and
using (3) we obtain eq.(21):
ArC
ki
st +AtC
ki
rs +AsC
ki
tr = 0
Proposition 5.2. A (CQR)4 pseudo-Riemannian manifold is conformally recur-
rent, the fundamental vector is null, and the first Pontryagin form vanishes.
Proof. Eq.(21) is verified, then (24) follows by property (1). Contraction with Ar
gives that A is null. The first Pontryagin form is zero by prop. 4.3. 
Next we need another general lemma:
Lemma 5.3. ([10] page 46, [21] page 148)
In a 4-dimensional pseudo-Riemannian manifold let A be a null vector and B a vec-
tor orthogonal to A, AiB
i = 0. Then B is either space-like, or null and proportional
to A, i.e. Bj = λAj for some λ ∈ R.
We then prove:
Proposition 5.4. In a 4-dimensional non conformally flat pseudo-Riemannian
manifold, let A and B be vector fields such that AmCjkl
m = 0 and BmCjkl
m = 0.
Then AjAj = 0, BjB
j = 0, and Bj = λAj for some real λ .
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Proof. On multiplying eq.(25) by AjB
s we obtain (AjB
j)Ckitr = 0. Similarly, we
obtain (AjAj)C
ki
tr = 0 and (B
jBj)C
ki
tr = 0 (see [25] page 128). Then A and B
are orthogonal null vectors. By lemma 5.3 they are proportional. 
The Bel-Debever version of Petrov’s classification of Weyl tensors on 4-dimensional
Lorentzian manifolds (see [21] page 196, [3], and [41]) is based on null vectors. By
identifying it with the fundamental vector A, we may assert:
Proposition 5.5. On a non conformally flat (CQR)4 Lorentzian manifold, the
Weyl tensor is type-N with respect to its fundamental vector.
This shows that the assumption of a conformal motion in [8] is inessential.
Proposition 5.6. On a non conformally flat (CQR)4 Lorentzian manifold,
1) the fundamental vector A is an eigenvector of the Ricci tensor;
2) the integral curves of the fundamental vector A are geodesics;
3) if A is closed, then ∇iA
i = 0.
Proof. On multiplying (9) by Ai and using eqs. (3) one obtains AiRimCjkl
m = 0;
the equation defines a vector Bm = A
iRim such that B
mCjklm = 0. By lemma 3.1
it is AiRim = λAm, i.e. A is an eigenvector of the Ricci tensor.
Next, multilpy eq.(10) by Ai and obtain (Ai∇iA
m)Cjklm = 0. This equation and
AmCjklm = 0 imply, by the same arguments, A
i(∇iAm) = λAm. Therefore the
integral curves of the vector A are geodesics (see [41] page 41).
Multiply (25) by ∇pAj and use (10):
(∇pAr)C
ki
st + (∇
pAt)C
ki
rs + (∇
pAs)C
ki
tr = 0.
Contraction of s with p and the closedness condition of A give (∇sA
s)Ckitr = 0. 
From AmCjklm = 0 and A
iRjm = λAm, a direct calculation gives A
mAjRjklm =
(λ− 16R)AkAl (see also Hall’s theorem in [42] and [30]). It follows that
A[pRk]jlmA
mAj = 0
i.e. the Riemann’s tensor is algebraically special (i.e. type II or D).
In their study of (PCS)n manifolds with proper conformal motion, De and
Mazumdar [8] obtained the relations: (∇iσ)(∇
iσ) = 0 and Cjkl
m∇mσ = 0. In
n = 4 this proves that the space is type-N with respect to it and, by proposition
5.4 we have ∇iσ = λAi. We conclude:
Proposition 5.7. If a non conformally flat (CQR)4 Lorentzian manifold admits a
proper conformal motion, then ∇iσ = λAi, i.e. the fundamental vector A is closed.
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